C4 Chapter 4

DIFFERENTIATION

PARAMETRIC DIFFERENTIATION

Differentiate x and y with respect to t
Then use the Chain Rule in the form
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Example

Find the gradient of the curve at the point P where t = π/3, on the curve with parametric equations   x = 3 sin t, y = sin 2t

Use your answer to find the equation of the normal at point P

 
[image: image1.wmf]d

x

d

t

=

3

 

c

o

s

 

t

 

 

 

a

n

d

 

 

 

d

y

d

t

=

2

 

c

o

s

 

2

t

 

Þ

d

y

d

x

 

=

 

2

 

c

o

s

 

2

t

3

 

c

o

s

 

t

 

W

h

e

n

 

t

=

p

3

,

 

 

d

y

d

x

=

2

 

c

o

s

 

2

p

3

 

¸

3

 

c

o

s

 

p

3

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

=

2

´

(

–

1

/

2

)

3

´

1

/

2

=

–

2

3

 

d

x

d

t

=

3

 

c

o

s

 

t

 

 

 

a

n

d

 

 

 

d

y

d

t

=

2

 

c

o

s

 

2

t

 

Þ

d

y

d

x

 

=

 

2

 

c

o

s

 

2

t

3

 

c

o

s

 

t

 

W

h

e

n

 

t

=

p

3

,

 

 

d

y

d

x

=

2

 

c

o

s

 

2

p

3

 

¸

3

 

c

o

s

 

p

3

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

=

2

´

(

–

1

/

2

)

3

´

1

/

2

=

–

2

3

 

 

[image: image2.wmf]T

h

i

s

 

i

s

 

t

h

e

 

g

r

a

d

i

e

n

t

 

o

f

 

t

h

e

 

t

a

n

g

e

n

t

 

\

 

G

r

a

d

i

e

n

t

 

o

f

 

N

o

r

m

a

l

 

a

t

 

P

 

i

s

 

3

2

 

 

 

 

 

 

 

 

 

 

 

(

m

m

'

=

–

1

)

 

A

t

 

P

,

 

x

=

3

 

s

i

n

 

p

3

=

3

3

2

 

 

 

a

n

d

 

 

 

y

=

s

i

n

 

2

p

3

=

3

2

 

\

 

E

q

u

a

t

i

o

n

 

o

f

 

N

o

r

m

a

l

 

i

s

:

 

y

–

3

2

 

=

3

2

 

è

æ

ç

x

–

3

3

2

ø

ö

÷

Þ

4

y

–

2

3

=

6

x

–

9

3

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Þ

4

y

=

6

x

–

7

3

 

T

h

i

s

 

i

s

 

t

h

e

 

g

r

a

d

i

e

n

t

 

o

f

 

t

h

e

 

t

a

n

g

e

n

t

 

\

 

G

r

a

d

i

e

n

t

 

o

f

 

N

o

r

m

a

l

 

a

t

 

P

 

i

s

 

3

2

 

 

 

 

 

 

 

 

 

 

 

(

m

m

'

=

–

1

)

 

A

t

 

P

,

 

x

=

3

 

s

i

n

 

p

3

=

3

3

2

 

 

 

a

n

d

 

 

 

y

=

s

i

n

 

2

p

3

=

3

2

 

\

 

E

q

u

a

t

i

o

n

 

o

f

 

N

o

r

m

a

l

 

i

s

:

 

y

–

3

2

 

=

3

2

 

è

æ

ç

x

–

3

3

2

ø

ö

÷

Þ

4

y

–

2

3

=

6

x

–

9

3

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Þ

4

y

=

6

x

–

7

3

 

 
Ex 4A p 34

IMPLICIT DIFFERENTIATION
In the expression   x2 + y2 = 4xy

y is not expressed explicitly in terms of x

(y = x2 – 7x is an explicit expression for y in terms of x)

It is known as an IMPLICIT FUNCTION
Implicit functions can be differentiated by using a combination of the Chain Rule and the rules for Products and Quotients

Example
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Note:

You cannot differentiate a function of y with respect to x 
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Example
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Ex 4B p 36

DIFFERENTIATING THE FUNCTION ax
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This is a function that is used to describe growth and decay
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Note this also fits with the earlier result that the derivative of ex is ex
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Example

The number of tadpoles in a pond after t days is given by the equation:
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This gives the rate of change of the number of tadpoles per day on the 10th day

Ex 4C p 37
RATES OF CHANGE
The Chain Rule is used to connect various rates of change.

Example

The volume of a sphere is given by     
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The Surface Area of a sphere is given by      
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=

4

p

r

2

 

A

=

4

p

r

2

 

 

The rate of increase of the volume of the sphere is 2 cm3/s
Find the rate of increase of the Surface Area of the sphere when r= 5cm.
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SIMPLE DIFFERENTIAL EQUATIONS

In many practical situations the rate one thing is changing with respect to another is expressed by a physical law. A differential equation ca be set up from the experimental data and possible solutions can be found using integration. One of the most widely used is the LAW OF NATURAL GROWTH OR DECAY or EXPONENTIAL GROWTH AND DECAY. 

Example 1

POPULATION GROWTH is concerned with the rate at which a particular quantity is growing rather than the actual size (used by scientists, sociologists, town planners etc). The rate of increase is proportional to the size of the population at any time.

If the size of a population is P, at a given time, t, the rate of increase of the population as time goes on is the change in P with respect to t,

i.e.    
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If this rate of increase is proportional to the size of the population at any given time, then     
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  and dividing both sides by P you get   
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(where k is a constant of proportion)
Now integrate both sides with respect to t, you get 
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This shows that the population grows exponentially
Example 2

RADIO-ACTIVE DECAY.  In a mass of radioactive material where atoms are disintegrating, the average rate of disintegration is proportional to the number of atoms present. At time t, there are N atoms present.
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where k is a constant.

(Note: minus sign indicates rate of change is decreasing)
Example 3

NEWTON’S LAW OF COOLING.  The rate of change of the temperature of a cooling body is proportional to the excess temperature over the surroundings.

If the temperature is θ at time t and θ0 is the temperature of its surroundings
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Example 4

CHEMICAL REACTIONS.  The rate of change of a reacting substance is proportional to its concentration. If the concentration is C at time t the situation can be described by the differential equation
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Mixed Ex 4F p 42

� EMBED FXEquation_2_32  ���





Take logs of both sides and then differentiate implicitly
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