S1 STATISTICS                                                SLBS

THE NORMAL DISTRIBUTION

This is a model for continuous random variables.
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The graph is symmetrical about the mean μ

Therefore, mode = median = mean
Total area under the curve = 1 (unity)

The shaded area gives the probability that X is between a

and b

We say that the random variable X is distributed normally with mean value μ and variance σ2 (these are the parameters of the distribution)

This statement is represented by the notation:

[image: image35.wmf]T

h

e

n

 

Z

 

=

 

X

–

m

s

 

T

h

e

n

 

Z

 

=

 

X

–

m

s

 


E[X]    =   μ

Var[X] =  σ2

These two distributions have different locations (means) but the same the same dispersion (variance):-
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These two distributions have the same location (mean) but different dispersions (variances):-
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Note:- Total area under all curves = 1

Returning to the area under the curve needed to calculate probabilities:-


[image: image4.wmf]
Standard techniques (integration) cannot be used to evaluate this area.

Statistical tables have to be referred to.

It would require an infinite number of such tables to cope with all possible values for the mean and variance, so all such distributions are compared with one special one:-

THE STANDARD NORMAL DISTRIBUTION

This has mean value 0 and variance 1

It is represented by the letter Z
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Φ (z) = P (Z < z)

this is the Cumulative Distribution 




Function (Φ = Phi pronounced “fie”)

The table on p 201 gives the values of the Normal Distribution Function
HOW TO READ THE TABLES
Always use a sketch

Examples
1)

P (Z < 0.72)
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2)

P (Z > 0.72)

[image: image7.wmf]0.72

Z

=

1

–

P

(

Z

<

0

.

7

2

)

 

=

1

–

0

.

7

6

4

2

 

=

0

.

2

3

5

8

 

3)

P (Z > − 0.6)
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4)

P (Z < − 1.2)
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5)

P (− 0.4 < Z < 1.75)
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Ex 9A p 179

USING TABLES TO FIND z GIVEN THE PROBABILITY
The tables can be read in reverse!
If you know that P (Z < k) = 0.8888

Look for 0.8888 in the main table in one of the P(Z<z) columns

The corresponding value of z gives the value of k

	z
	P(Z<z)

	1.22
	0.8888


Hence, k = 1.22
Example

P(Z<z) =  0.3  find z

Tables only give values of P(Z<z) from 0.5 up to 1
So z will be a negative quantity (see Example 4)

P(Z<−z)   =   1 − P(Z<z)  =  0.7
Tables give −z = 0.52 hence z = − 0.52
PERCENTAGE POINTS TABLE
This is another table that can be used and is very popular with the examiners! (on p202)

This reads the main table backwards!

It gives the values of z in the main table for which Z exceeds with probability p

i.e.  P(Z>z) = 1 − P(Z<z) = p

Whenever possible this table should be used to find a value of z given a value for p = P(Z>z)

Example

If 30% of the values of Z are greater than z

Then z = 0.5244

(This is found by looking up 0.3 under the column headed p and reading off the corresponding value of z)

If told that 70% of the values of Z are greater than z

Then z = − 0.5244

(This is found by considering symmetry)

Note:  this table enables you to deal only with certain percentages:-


50%


40% (+ 60%)


30% (+70%)


20% (+80%)


15% (+85%)


10% (+90%)


 5% (+95%)


2.5% (+97.5%)


 1% (+99%)


0.5% (+99.5%)


0.1% (+99.9%)


0.05% (+99.95%)

Ex 9B p 181

STANDARDISING A NORMAL DISTRIBUTION
Any Normal Distribution can be mapped onto the Standard Normal Distribution by a simple method of coding.

Subtracting the mean value shifts the axis of symmetry from

z = μ to the value where z = 0

Dividing by the standard deviation (σ) reduces the variance to 1

Given the mean and the variance, you can find the probability that X lies within any given range.

Example
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SOME STANDARD RESULTS

For any normal distribution of X, the probability that X lies within 1 standard deviation of the mean can be found:

X can be mapped onto Z
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Similarly
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If you are given the mean and variance and the probability that X is less than or greater than an unknown value, you can find that unknown value.

Example
X has a normal distribution with mean 5 and variance 0.81.

Find x, such that P(X < x) = 0.01

X ~ N(5, 0.92)

[image: image17.wmf]P

(

X

<

x

)

=

P

è

æ

ç

Z

<

x

–

5

0

·

9

 

ø

ö

÷

 

=

 

0

·

0

1

 

P

(

X

<

x

)

=

P

è

æ

ç

Z

<

x

–

5

0

·

9

 

ø

ö

÷

 

=

 

0

·

0

1

 




[image: image18.wmf]X

0.01

0

x

–

5

0

.

9

 

=

0

5

–

x

0

.

9

 

0.01

X


Tables only give values of p(Z<z) from 0.5 up to 1
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Ex 9C p 184
FINDING THE MEAN AND/OR THE VARIANCE
The most difficult problems are when you are given the probability that X is less than or greater than a specific value together with the mean (or variance) and you have to calculate the variance (or mean) of the distribution.

Example

X is normally distributed with standard deviation 10

P(X > 40) = 0.25.  Find the mean of the distribution

X ~ N(μ, 102)
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If you have to find both the mean and the variance, you will need two pieces of information and use simultaneous equations

Example

X is normally distributed
P(X > 76) = 0.0354 and P(Z < 47) = 0.1

Find the mean and the variance.
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Ex 9D p 188
PROBLEMS IN CONTEXT
Example

A lift states that its maximum safe load is 90kg.  The weights of people using the building are normally distributed with mean 67kg and variance 60 kg2.  The lift is meant for books and equipment only.  What is the probability that someone who is tempted to use the lift exceeds the safety limit?

X ~ N (67, 60)

=>
σ = √60
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Example

On a farm, the middle 80% of the eggs produced have masses between 45g and 70g.  Assuming that the masses of the eggs are normally distributed, find their mean and standard deviation.
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Example
The mass of beans in a tin is normally distributed with mean 250g and standard deviation 10g.  It is a legal requirement that no more than 5% of the tins should have a mass less than that stated on the label.  What mass should the label state?
X ~ N(250, 102)
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Mixed Ex 9D
X ~ N (μ, σ2)





Z ~ N (0, 1)








If X ~ N(μ, σ2)





� EMBED FXEquation_2_32  ���





where Z ~ N(0, 1)














PAGE  
15
JMcC

_1296578329.bin

_1296578461.bin

_1298620960.bin

_1298621373.bin

_1298910980.bin

_1298910981.bin

_1298910240.bin

_1298621357.bin

_1298442508.bin

_1298620604.bin

_1298442507.bin

_1298442506.bin

_1296578388.bin

_1296578410.bin

_1296578369.bin

_1105628485.bin

_1105711565.bin

_1207302011.bin

_1207302479.bin

_1207303059.bin

_1105712096.bin

_1109572600.bin

_1109659120.bin

_1105712346.bin

_1105711668.bin

_1105700960.bin

_1105710589.bin

_1105710710.bin

_1105709527.bin

_1105709903.bin

_1105628993.bin

_1105633306.bin

_1105623024.bin

_1105627869.bin

_1105620457.bin

