STATISTICS S1                                               SLBS      

DISCRETE RANDOM VARIABLES

PROBABILITY DISTRIBUTIONS & FUNCTIONS

Read p 151
A random variable is a numerical variable that represents the value obtained when we take a measurement from an experiment in the real world.

Use capital letters to denote the random variable.

Use lowercase letters to denote the values the random variable can take.
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If X is a discrete random variable, then  

A PROBABILITY DISTRIBUTION is the set of all possible values of a random variable together with their associated probabilities.

Example

X is a discrete random variable such that:

	x
	5
	6
	7
	8

	P(X=x)
	1/2
	c
	1/10
	1/20


Find the value of c
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A PROBABILITY FUNCTION is a function that describes how probabilities are assigned.
Example
X is a discrete random variable such that:

P(X=x) = kx for x = 1, 2, 3, 4, 5.

Find the value of k.
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Ex 8A p 154

CUMULATIVE PROBABILITY DISTRIBUTIONS
The CUMULATIVE PROBABILITY DISTRIBUTION lists the cumulative probabilities up to each specific value of the random variable.
The CUMULATIVE PROBABILITY FUNCTION of a random variable is :
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For a discrete random variable:

Example
	x
	5
	6
	7
	8

	P(X=x)
	1/2
	7/20
	1/10
	1/20

	F(x)
	1/2
	17/20
	19/20
	1
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So, in general, if given the cdf F(x),

[cdf stands for “cumulative distribution function”]
Ex 8B p 158
EXPECTATION
The MEAN or EXPECTED VALUE of a random variable X is the average value you would expect to obtain for X in the long run!


It may be denoted by μ

Example 1 (Unbiased die)
	x
	1
	2
	3
	4
	5
	6

	P(X=x)
	1/6
	1/6
	1/6
	1/6
	1/6
	1/6


E[X]
=   (1 ×  1/6)  +  (2 ×  1/6)  +  (3 ×  1/6)……+  (6 ×  1/6)

=    3.5
Example 2

	x
	5
	6
	7
	8

	P(X=x)
	1/2
	7/20
	1/10
	1/20


E[X]
=   (5 ×  1/2)  +  (6 ×  7/20)  +  (7 ×  1/10)  +  (8 ×  1/20)


=   5.7
Ex 8C p 162

VARIANCE
The population variance was defined as:
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Using the probabilities as frequencies again:


Var[X]

=

∑ (x − μ)2 P(X=x)




=

∑ x2 P(X=x) − μ2

Hence,

It may be denoted by the symbol sigma squared   σ2

Proof
Var[X]   =   E[(X − μ)2]


=
 E[(X2 − 2μX + μ2]



=
 E[(X2] − 2μE[(X] + E[μ2]



=
 E[(X2] − 2μ2 + μ2


=
 E[(X2] − μ2

             Q.E.D.

Example (Unbiased die)


[image: image6.emf]x 1 2 3 4 5 6

P(X=x) 0.167 0.167 0.167 0.167 0.167 0.167

xP(X=x) 0.167 0.333 0.500 0.667 0.833 1.000

∑

xP(X=x) 3.5

x^2 1 4 9 16 25 36

x^2P(X=x) 0.167 0.667 1.500 2.667 4.167 6.000

∑x^2P(X=x)

15.167

Var[X] = 15.167

−

3.5

squared

= 2.917


Example

X is a random variable such that E[X] = 12 and E[X2] = 634

Find Var[X]

Var[X] = 634 - 122

 = 490

Ex 8D p 164

EXPECTATION & VARIANCE OF FUNCTIONS OF X

The expectation of a function of a random variable can be considered in a similar way.

A tetrahedral die (i.e. four faces) is numbered 1 to 4
Let X = score obtained on this die

Then


[image: image7.emf]x 1 2 3 4

P(X=x) 0.25 0.25 0.25 0.25

xP(X=x) 0.25 0.5 0.75 1

E[X] = ∑

xP(X=x) 2.5


If we let a new variable Y equal 3 times the score on the die minus 2

Y = 3X − 2

Then we have a probability distribution for Y:


[image: image8.emf]x 1 2 3 4

y 1 4 7 10

P(Y=y) 0.25 0.25 0.25 0.25

yP(Y=y) 0.25 1 1.75 2.5

E[Y] = ∑y

P(Y=y) 5.5


Note:
E[Y]  =  3E[X] − 2

This is true since:


E[Y]
=
∑ yP(Y=y)



=
∑ (3x-2) P(X=x)



=
3∑ xP(X=x)  −  2∑ P(X=x)



=
3E[X]  −  2

It follows that:

E[aX]

=

aE[X]

E[aX + b]
=

aE[X] + b

Var[aX]
=

a2Var[X]

Var[ax + b]
=

a2Var[X]

Example
E[X]  =  5,    Var[X]  =  2

E[3X − 4]
=

3 × 5  −  4
=
11
Var[3X − 4]
=

32 × 2
=
18
Ex 8E p 169
THE DISCRETE UNIFORM DISTRIBUTION

The probability distribution for the score on an unbiased die is:

	x
	1
	2
	3
	4
	5
	6

	P(X=x)
	1/6
	1/6
	1/6
	1/6
	1/6
	1/6


This is an example of a DISCRETE UNIFORM DISTRIBUTION
All the probabilities are equal!

The formal definition of a discrete uniform distribution is:


Proof
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Proof
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Example

A card is selected at random from a suit of Hearts

X represents the value of the card

P(X = n)   =   1/13       for  n = 1, 2, 3, …………, 13
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Note:   The above results only work for a distribution where 
  
    the values start from 1,2,..etc. up to n
If a uniform distribution doesn’t do this……

	R
	3
	5
	7
	9
	11
	13

	P(R=r)
	1/6
	1/6
	1/6
	1/6
	1/6
	1/6


Consider the distribution:

	x
	1
	2
	3
	4
	5
	6

	P(X=x)
	1/6
	1/6
	1/6
	1/6
	1/6
	1/6


So, R = 2X + 1
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So

E[R] = 2E[X] + 1 = 8
Var[R] = 22Var[X] = 11.7

Ex 8F p 172
Mixed Ex 8G p 173



∑ P(X = x)   =   1





P(X=xn)	=	F(xn)  −  F(xn−1)





Note: the last entry


must be 1





 E[X]   =   ∑ x P(X=x)











X is equally likely to take any of its possible values x1, x2, x3,….., xn





P(X = xi)	=	1/n	for   i = 1,2,3,…..,n





� EMBED FXEquation_2_32  ���








Var[X]		=		E[X2] − E2[X]





� EMBED FXEquation_2_32  ���





� EMBED FXEquation_2_32  ���








PAGE  
11
JMcC

_1206804672.bin

_1206807496.bin

_1206807631.bin

_1295176393.bin

_1295176419.bin

_1206807553.bin

_1206805552.bin

_1206807066.bin

_1206807160.bin

_1206806777.bin

_1206805091.bin

_1103611449.xls
Sheet1

		x		1		2		3		4		5		6

		P(X=x)		0.167		0.167		0.167		0.167		0.167		0.167

		xP(X=x)		0.167		0.333		0.500		0.667		0.833		1.000

		∑xP(X=x)		3.5

		x^2		1		4		9		16		25		36

		x^2P(X=x)		0.167		0.667		1.500		2.667		4.167		6.000

		∑x^2P(X=x)		15.167

		Var[X] =		15.167		−		3.5		squared

		=		2.917






_1206804543.bin

_1103094076.xls
Sheet1

		x		1		2		3		4

		P(X=x)		0.25		0.25		0.25		0.25

		xP(X=x)		0.25		0.5		0.75		1

		E[X] = ∑xP(X=x)		2.5






_1103094383.xls
Sheet1

		x		1		2		3		4

		y		1		4		7		10

		P(Y=y)		0.25		0.25		0.25		0.25

		yP(Y=y)		0.25		1		1.75		2.5

		E[Y] = ∑yP(Y=y)		5.5






